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Abstract
The authors proved in Fan and Han (Finite Field Appl., in press) that, for any given
ða1; a2; a3ÞAF3q ; there exists a primitive polynomial f ðxÞ ¼ xn  s1xn1 þ?þ ð1Þnsn over
Fq of degree n with the ﬁrst three coefﬁcients s1; s2; s3 prescribed as a1; a2; a3 when nX8: But
the methods in Fan and Han (in press) are not effective for the case of n ¼ 7: Mills (Existence
of primitive polynomials with three coefﬁcients prescribed, J. Algebra Number Theory Appl.,
in press) resolves the n ¼ 7 case for ﬁnite ﬁelds of characteristic at least 5. In this paper, we
deal with the remaining cases and prove that there exists a primitive polynomial of degree 7
over Fq with the ﬁrst three coefﬁcient prescribed where the characteristic of Fq is 2 or 3.
r 2003 Elsevier Inc. All rights reserved.
MSC: 11T06; 11T71; 11L07
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1. Introduction
Let Fq be a ﬁnite ﬁeld with q ¼ pk elements where p is a prime number and k a
positive integer. A monic polynomial f ðxÞAFq½x of degree n is called a primitive
polynomial if the least positive integer T such that f ðxÞjxT  1 over Fq½x is qn  1:
Primitive polynomials over ﬁnite ﬁelds are of great interest because of their various
applications in cryptography, coding theory and digital watermarking technique, etc.
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In some applications, we may need primitive polynomials with some special
properties, and so it is very interesting to know whether for any given q and n there
exists a primitive polynomial of degree n over Fq with one or several coefﬁcients
prescribed as one or several given values. For example, Hansen and Mullen [12]
proposed a conjecture on the existence of primitive polynomials with one coefﬁcient
prescribed.
Hansen–Mullen Conjecture. For any given element aAFq; there exists a primitive
polynomial f ðxÞ ¼ xn  s1xn1 þ?þ ð1Þnsn of degree n over Fq with the mth
ð0omonÞ coefficient sm ¼ a except when
ðq; n; m; aÞ ¼ ð4; 3; 1; 0Þ; ð4; 3; 2; 0Þ; ð2; 4; 2; 1Þ:
For m ¼ 1; the Hansen–Mullen conjecture is true by the work of Jungnickel and
Vanstone [13], and Cohen [2]. The case of m ¼ 2 is resolved by Han in [9,11].
Recently, Fan and Han [6] proved that for 1pmon; there exists a primitive
polynomial over Fq of degree n with the mth coefﬁcient prescribed except when
m ¼ nþ1
2
if n is odd and when m ¼ n
2
; n
2
þ 1 if n is even for q large enough. They even
proved in [8] that the Hansen–Mullen conjecture over ﬁnite ﬁelds of characteristic
two is true when nX7; n is odd.
In an excellent survey paper on primitive elements and polynomials, Cohen [3]
discussed the existence of primitive polynomials with several coefﬁcients prescribed
and asked the following question:
Cohen’s Problem. Whether there is some function cðnÞ (such as n
4
;
ﬃﬃﬃ
n
p
; log n; etc.)
such that there exists a primitive polynomial over Fq of degree n with IcðnÞm
coefﬁcients prescribed.
With the help of a formula derived from Newton’s identities, character sums over
ﬁnite ﬁelds and a sieve technique originating from Cohen [2,3], Han [9], Cohen and
Mills [4] proved that if the characteristic of Fq is odd, there exists a primitive
polynomial of degree n over Fq with the ﬁrst two coefﬁcients prescribed for nX7 and
n ¼ 5; 6 respectively. Using the same methods, one can prove in principle that there
exists a primitive polynomial of degree n over Fq with the ﬁrst m coefﬁcients
prescribed for n42m provided that the characteristic of Fq is larger than m [10]. In
other words, as one increases the number of prescribed coefﬁcients, one is forced to
exclude more ﬁnite ﬁelds whose characteristic is small. The authors of this paper
resolved the problem by using some p-adic methods [5,7], as they are able to deal with
all the cases which are independent of the ﬁnite ﬁeld’s characteristic. They obtain
Theorem A (Fan and Han [7]). For any given n; there exists a primitive polynomial
of degree n over Fq with the first In12 m coefficients prescribed for q large enough.
Theorem A shows that as an asymptotic result, cðnÞ can be chosen to be n12 when
we deal with Cohen’s problem. From Theorem A, if nX7; there exists a primitive
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polynomial over Fq with the ﬁrst three coefﬁcients prescribed for q large enough.
Using estimates of character sums over Galois rings and some computing techniques,
we have
Theorem B (Fan and Han [5]). There exists a primitive polynomial of degree n over Fq
with the first three coefficients prescribed for nX8:
For general q; the methods used in [5] can only resolve the cases nX8; whereas the
case n ¼ 7 cannot be settled because of the limited computational resources.
Combining some careful character sums analysis over ﬁnite ﬁelds and the sieve
method, Mills [16] resolves the n ¼ 7 case for ﬁnite ﬁelds of characteristic at least 5.
In this paper, we deal with the remaining cases, i.e., the case n ¼ 7 for ﬁnite ﬁelds
of characteristic 2 or 3. We prove that there exists a primitive polynomial of
degree 7 over Fq with the ﬁrst three coefﬁcient prescribed where the characteristic of
Fq is 2 or 3:
The paper is arranged as follows. In Section 2 we give some basic facts on
character sums over Galois rings. In Section 3, we ﬁrst give a theorem proved in [5]
which translates the existence of primitive polynomials over ﬁnite ﬁelds of
characteristic 2 or 3 with the ﬁrst three coefﬁcients prescribed into the existence of
primitive element solutions of some system of equations over Galois rings. After a
more careful analysis we get a better condition than what we get in [5] to decide
whether the number of primitive element solutions of the system of trace equations is
larger than zero or not. Finally, we use some computing techniques to get our main
result in Section 4. Compared to the methods we used in [5], the computing methods
in this paper are more effective and can make the bounds dramatically reduced.
2. Character sums over Galois rings
Let eX1;Zpe be the residue ring of integers modulo pe: A Galois ring Re;k ¼
GRðpe; kÞ is the unique Galois extension over Zpe of degree k and can be written as
Zpe ½x=ðf ðxÞÞ; where f ðxÞ is a basic irreducible polynomial of degree k over Zpe ; i.e.,
f ðxÞ is monic and f ðxÞmod p is an irreducible polynomial over Fp: The ring Re;k is a
local ring with unique maximal ideal pRe;k and FpkDRe;k=pRe;k; where Fpk is a ﬁnite
ﬁeld with pk elements. Denote the set of Teichmu¨ller points of Re;k by Gk ¼
fxARe;k j xpk ¼ xg: It can be shown that Gk ¼ Gk\f0g is a multiplicative cyclic group
and can be written as f1; x;y; xpk2g; where x is a primitive element in Gk; i.e., an
element with order pk  1: Every element zARe;k has a unique p-adic expansion
z ¼ z0 þ pz1 þ?þ pe1ze1; ziAGk:
Let nX1 be an integer and tk be the Frobenius map of Re;nk over Re;k given by
tkðbÞ ¼ bp
k
0 þ pbp
k
1 þ?þ pe1bp
k
e1
ARTICLE IN PRESS
S. Fan, W. Han / Finite Fields and Their Applications 10 (2004) 506–521508
for b ¼Pe1i¼0 pibiARe;nk; where biAGnk: As we know, tk is the generator of the
Galois group of Re;nk=Re;k which is a cyclic group of order n: The trace mapping
Tre;nk;kðÞ from Re;nk to Re;k is deﬁned via
Tre;nk;kðxÞ ¼ x þ tkðxÞ þ?þ tn1k ðxÞ
for xARe;nk:
For any aARe;k; deﬁne
caðcÞ ¼ e2piTre;k;1ðacÞ=p
e
; 8cARe;k:
It can be shown that fcagaARe;k are all the additive characters of Re;k: Especially, c1 is
called the canonical additive character and c0 is called the trivial additive character
of Re;k respectively.
Lemma 1. Let aARe;k; c1 be the canonical additive character of Re;k: We have for
1pdpe;
X
cARd;k
c1ðpedcaÞ ¼
qd if a ¼ 0 mod pd ;
0 otherwise:
(
Let Gnk be the set of Teichmu¨ller points of Re;nk: As we know, Gnk ¼ Gnk\f0g is a
multiplicative cyclic group with qn  1 elements. Let g be a ﬁxed primitive element
(i.e., generator) of Gnk; the canonical multiplicative character w1 can be deﬁned by
w1ðglÞ ¼ e2pil=qn1 for 0plpqn  2: For 0pjpqn  2; deﬁne wjðglÞ ¼ w1ðgljÞ: The wj ’s
are all the multiplicative characters of Gnk and form a cyclic group with q
n  1
elements. It is known that the order of each character wj is a divisor of q
n  1:
Let hðxÞ be a polynomial over Re;nk with hð0Þ ¼ 0 and hðxÞ not identically 0; and
let hðxÞ ¼ h0ðxÞ þ h1ðxÞp þ?þ he1ðxÞpe1 be the p-adic expansion of hðxÞ; where
hiðxÞ is a polynomial of degree di with coefﬁcients in Gnk for i ¼ 0; 1;y; e  1: Deﬁne
the weighted e-degree of hðxÞ by
De;h ¼ maxðd0pe1; d1pe2;y; de1Þ:
Deﬁnition 1. Let hðxÞ; hiðxÞ be deﬁned as above, and let hiðxÞ ¼
Pdi
j¼0 hi; jx
j ;
hi; jAGnk: hðxÞ is called nondegenerate if
hi; j ¼ 0; if j  0 mod p; 0pjpdi; 0pipe  1:
Next we will give two estimates of character sums over Galois rings which are
analogous to Weil estimates on character sums over ﬁnite ﬁelds.
Theorem 2 (Kumar [14], Li [15]). Let f ðxÞ be a nondegenerate polynomial over Re;nk
with weighted e-degree De;f ; ce;nk a nontrivial additive character of Re;nk and wnk a
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nontrivial multiplicative character of Gnk: Then
X
xAGnk
ce;nkðf ðxÞÞ

pðDe;f  1Þqn2
and
X
xAG
nk
ce;nkðf ðxÞÞwnkðxÞ

pDe;f q
n
2:
3. Estimates and sieve method
Next we will give a theorem which translates the existence of primitive
polynomials of degree n over ﬁnite ﬁelds of characteristic 2 or 3 with the ﬁrst three
coefﬁcients prescribed into the existence of primitive element solutions in Gnk of
some system of trace equations from R2;nk to R2;k:
Theorem 3 (Fan and Han [5]). Let p ¼ 2; 3 and
m ¼ 2 if p ¼ 3;
3 if p ¼ 2:

If the system of equations
Tr2;nk;kðxÞ ¼ a1 þ pb1;
Tr2;nk;kðxmÞ  am mod p

ð1Þ
has a primitive element solution in Gnk for any given a1; b1; amAGk; there exists a
primitive polynomial f ðxÞ ¼ xn  s1xn1 þ?þ ð1Þnsn over Fq of degree n with the
first three coefficients s1; s2; s3 prescribed. In particular, s1 ¼ s2 ¼ s3 ¼ 0 if and only
if a1 ¼ b1 ¼ am ¼ 0:
Now we estimate the number of primitive element solutions of (1) in Gnk; which we
denote by Nq;nða1; b1; amÞ: To get a good bound of Nq;nða1; b1; amÞ; we ﬁrst provide a
generalization of Cohen’s sieve.
Let r j qn  1; xAGnk: We say x is not any kind of rth power in Gnk if
x ¼ rd ; rAGnk; d j r only if d ¼ 1: Deﬁne
Srða1; b1; amÞ ¼ fxAGnk j x is a solution of ð1Þ and x is not any
kind ofrth power inGnkg:
It is obvious that jSqn1ða1; b1; amÞj ¼ Nq;nða1; b1; amÞ:
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Deﬁnition 2. Let r j qn  1; r0; r1; r2;y; rl be the divisors of r; satisfying: (i)
lcmðr1; r2;y; rlÞ ¼ r; (ii) gcdðri; rjÞ ¼ r0; for 1piojpl: We call r1; r2;y; rl the
complementary divisors of r with common divisor r0:
With the above notions, we have
Lemma 4 (Chou and Cohen [1], Fan and Han [5]). Let r j qn  1; r1;y; rl be the
complementary divisors of r with common divisor r0: Then
jSrða1; b1; amÞj ¼ jSr1ða1; b1; amÞj þ?þ jSrl ða1; b1; amÞj
 ðl  1ÞjSr0ða1; b1; amÞj: ð2Þ
Next we give a lemma which decides whether an element x is any kind of rth power
in Gnk or not.
Lemma 5 (Fan and Han [5]). Let r j qn  1; xAGnk: Then
X
d j r
mðdÞ
jðdÞ
X
wðdÞ
wðdÞðxÞ ¼
r
jðrÞ if x is not any kind of rth power;
0 otherwise;
(
where mðdÞ is the Mo¨bius function and jðdÞ is the Euler function, wðdÞ runs through all
of the jðdÞ multiplicative characters of Gnk with order d:
Let c2;k;c2;nk be the canonical additive character over R2;k; R2;nk; respectively,
where c2;nk ¼ c2;k3Tr2;nk;k: Let wðdÞ run through all of the multiplicative characters of
Gnk with order d: From Lemmas 1 and 5, we have
q3jSriða1; b1; amÞj
¼ yðriÞ
X
xAG
nk
X
c¼c1þpcpAR2;k
c2;kðcðTr2;nk;kðxÞ  ða1 þ pb1ÞÞÞ

X
cmAGk
c2;kðpcmðTr2;nk;kðxmÞ  amÞÞ
X
d j ri
mðdÞ
jðdÞ
X
wðdÞ
wðdÞðxÞ
¼ yðriÞ
X
d j ri
Ydða1; b1; amÞ; ð3Þ
where
yðriÞ ¼ jðriÞ
ri
;
Ydða1; b1; amÞ ¼ mðdÞjðdÞ
X
wðdÞ
X
c1;cp;cmAGk
c2;kðc1a1  pcpa1  pc1b1  pcmamÞ  Lc1;cp;cm;d
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and
Lc1;cp;cm;d ¼
X
xAG
nk
c2;nkðc1xþ pcpxþ pcmxmÞwðdÞðxÞ:
Theorem 6. Let Ydða1; b1; amÞ be defined as above. Then the following holds:
1. Suppose ða1; b1; amÞ ¼ ð0; 0; 0Þ: In this case, let Q ¼ qn1q1 :
(a) If d ¼ 1;
Y1ð0; 0; 0ÞXqn  1 3ðq3  1Þq
n
2: ð4Þ
(b) If d[Q;
Ydð0; 0; 0Þ ¼ 0: ð5Þ
(c) If djQ; da1;
jYdð0; 0; 0Þjp3ðq3  1Þq
n
2: ð6Þ
2. Suppose ða1; b1; amÞað0; 0; 0Þ:
(a) If d ¼ 1;
Y1ða1; b1; amÞXqn  1 ð9q
nþ5
2 þ 3qnþ42 Þ: ð7Þ
(b) If d41;
jYdða1; b1; amÞjp9q
nþ5
2 þ 3qnþ42 : ð8Þ
Proof. Let hðxÞ ¼ c1x þ pcpx þ pcmxm: If ðc1; cp; cmÞ ¼ ð0; 0; 0Þ;
c2;kðc1a1  pcpa1  pc1b1  pcmamÞ ¼ 1:
It is easy to verify that for d ¼ 1;
mð1Þ
jð1Þ
X
wð1Þ
L0;0;0;1 ¼ qn  1 ð9Þ
and for d41;
mðdÞ
jðdÞ
X
wðdÞ
L0;0;0;d ¼ mðdÞjðdÞ
X
wðdÞ
X
xAG
nk
wðdÞðxÞ ¼ 0: ð10Þ
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On the other hand, if ðc1; cp; cmÞað0; 0; 0Þ; then hðxÞa0; hðxÞ is a nondegenerate
polynomial over R2;k with the weighted e-degree D2;hp3: From Theorem 2,
jLc1;cp;cm;d jp3q
n
2:
Our proof is divided into the following cases:
1. ða1; b1; amÞ ¼ ð0; 0; 0Þ: In this case,
Ydð0; 0; 0Þ ¼ mðdÞjðdÞ
X
wðdÞ
X
c1;cp;cmAGk
Lc1;cp;cm;d :
(1.a) If c1a0; X
c1AGk
cp;cmAGk
Lc1;cp;cm;d ¼
X
c1AGk
wðdÞðc11 Þ
X
c0p;c0mAGk
L1;c0p;c0m;d ;
where c0p ¼ cpc11 ; c0m ¼ cmcm1 : On the other hand, the multiplicative character
wðdÞ of Gnk; when restricted to G

k; is a trivial multiplicative character of G

k iff djQ:
So if d[Q; X
c1AGk
wðdÞðc11 Þ ¼ 0:
Since the number of multiplicative characters of Gnk with order d is jðdÞ;
we have
mðdÞ
jðdÞ
X
wðdÞ
X
c1AGk
cp;cmAGk
Lc1;cp;cm;d

p
0 if d[Q;
3ðq  1Þq2qn2 if djQ:
(
ð11Þ
(1.b) If c1 ¼ 0; cpa0; we can similarly get
mðdÞ
jðdÞ
X
wðdÞ
X
cpAGk
cmAGk
L0;cp;cm;d

p
0 if d[Q;
3ðq  1Þq  qn2 if djQ:
(
ð12Þ
(1.c) If c1 ¼ cp ¼ 0; cma0; we divide it into two subcases:
(1.c.1) p ¼ 2; q  1 mod 3 or p ¼ 3:
(i) If p ¼ 2; q  1 mod 3 , we have 3jq  1; m ¼ 3: In this case, let a be a cubic
nonresidue in Gk; C be the set of cubic residues in G

k:
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(ii) If p ¼ 3; we have 2jq  1; m ¼ 2: In this case, let a be a quadratic nonresidue
in Gk; C be the set of quadratic residues in G

k:
In both (i) and (ii), Gk ¼ C,Ca,?,Cam1: Thus
X
cmAGk
L0;0;cm;d ¼
Xm1
i¼0
X
cmAC
X
xAG
nk
c2;nkðcmaixmÞwðdÞðxÞ
¼ 1
m
Xm1
i¼0
X
c0mAG

k
X
xAG
nk
c2;nkðaiðc0mxÞmÞwðdÞðxÞ
¼ 1
m
Xm1
i¼0
X
c0mAG

k
wðdÞðc01m Þ
X
xAG
nk
c2;nkðaixmÞwðdÞðxÞ
¼ 1
m
X
c0mAG

k
wðdÞðc01m Þ
Xm1
i¼0
L0;0;ai ;d ; ð13Þ
where c
0m
m ¼ cm:
(1.c.2) p ¼ 2; q  2 mod 3: In this case we have m ¼ 3; gcdðm; q  1Þ ¼ 1: So for
any given cmAGk; there exists a unique element c
0
mAG

k such that cm ¼ c
0m
m : It is
easy to verify X
cmAGk
L0;0;cm;d ¼
X
c0mAG

k
wðdÞðc01m ÞL0;0;1;d : ð14Þ
By (13), (14), we have
mðdÞ
jðdÞ
X
wðdÞ
X
cmAGk
L0;0;cm;d

p
0 if d[Q;
3ðq  1Þqn2 if djQ:
(
ð15Þ
From (9)–(12) and(15) we get (4)–(6). This ﬁnishes the proof of the ﬁrst part.
2. ða1; b1; amÞað0; 0; 0Þ; where ða1; b1Það0; 0Þ:
(2.a) If c1a0;X
c1AGk
cp;cmAGk
c2;kðc1a1  pcpa1  pc1b1  pcmamÞLc1;cp;cm;d
¼
X
c1AGk
c2;kðc1ða1 þ pb1ÞÞ
X
cp;cmAGk
c2;kðpcpa1  pcmamÞLc1;cp;cm;d
¼
X
c1AGk
c0p;c0mAGk
c2;kðc1a1  pc1ðb1 þ c0pa1Þ  pcm1 c0mamÞwðdÞðc11 ÞL1;c0p;c0m;d ;
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where c0p ¼ cpc11 ; c0m ¼ cmcm1 : Let lðxÞ ¼ a1x  pðb1 þ c0pa1Þx  pc0mamxm: It is
easy to verify that lðxÞa0 if ða1; b1Það0; 0Þ: From Theorem 2, we have
X
c1AGk
c2;kðc1a1  pc1ðb1 þ c0pa1Þ  pcm1 c0mamÞwðdÞðc11 Þ


¼
X
c1AGk
c2;kðlðc1ÞÞwðdÞðc1Þ

p3q
1
2:
Thus
X
c1AGk
cp;cmAGk
c2;kðc1a1  pcpa1  pc1b1  pcmamÞLc1;cp;cm;d

p9q
nþ5
2 : ð16Þ
(2.b) If c1 ¼ 0; ðcp; cmÞað0; 0Þ; from Theorem 2,
X
cp;cmAGk
ðcp;cmÞað0;0Þ
c2;kðc1a1  pcpa1  pc1b1  pcmamÞL0;cp;cm;d

p3ðq
2  1Þqn2p3qnþ42 :
ð17Þ
3. ða1; b1; amÞað0; 0; 0Þ; where ða1; b1Þ ¼ ð0; 0Þ; ama0:
(3.a) If cma0; we divide it into two subcases as we deal with Case (1.c).
(3.a.1) p ¼ 2; q  1 mod 3 or p ¼ 3: Let a; C be deﬁned as in Case (1.c.1). With
the same ideas we used in Case (1.c.1), we getX
cmAGk
c1;cpAGk
c2;kðc1a1  pcpa1  pc1b1  pcmamÞLc1;cp;cm;d
¼
X
cmAGk
c2;kðpcmamÞ
X
c1;cpAGk
Lc1;cp;cm;d
¼
Xm1
i¼0
X
cmAC
c2;kðpcmaiamÞ
X
c1;cpAGk
Lc1;cp;cmai ;d
¼ 1
m
Xm1
i¼0
X
c0mAG

k
c2;kðpc
0m
m a
iamÞwðdÞðc01m Þ
X
c0
1
;c0pAGk
Lc0
1
;c0p;ai ;d ;
where c
0m
m ¼ cm; c01 ¼ c1c
01
m ; c
0
p ¼ cpc
01
m :
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(3.a.2) p ¼ 2; q  2 mod 3: In this case, for any given cmAGk; there exists a
unique element c0mAG

k such that cm ¼ c
0m
m : Let c
0
1 ¼ c1c
01
m ; c
0
p ¼ cpc
01
m : It can be
veriﬁed that X
cmAGk
c1;cpAGk
c2;kðc1a1  pcpa1  pc1b1  pcmamÞLc1;cp;cm;d
¼
X
c0mAG

k
c2;kðpc
0m
m amÞwðdÞðc
01
m Þ
X
c0
1
;c0pAGk
Lc0
1
;c0p;1;d :
For i ¼ 0; 1;y; m  1; let liðxÞ ¼ paiamxm: Since ama0; liðxÞ is a nondegene-
rate polynomial over R2;k with the weighted e-degree De;lip3: From Theorem 2,
X
c0mAG

k
c2;kðpc
0m
m a
iamÞwðdÞðc01m Þ

p3q
1
2:
Thus we have
X
cmAGk
c1;cpAGk
c2;kðc1a1  pcpa1  pc1b1  pcmamÞLc1;cp;cm;d

p9q
nþ5
2 : ð18Þ
(3.b) If cm ¼ 0; ðc1; cpÞað0; 0Þ; from Theorem 2,
X
c1;cpAGk
ðc1;cpÞað0;0Þ
c2;kðc1a1  pcpa1  pc1b1  pcmamÞLc1;cp;0;d

p3ðq
2  1Þqn2p3qnþ42 :
ð19Þ
By (9), (10), (16), (17),(18), (19) we can get (7), (8). So we have ﬁnished the proof
of the second part. &
Proposition 7. Let Nq;nða1; b1; amÞ be the number of primitive element solutions of ð1Þ
in Gnk: Let
r ¼
qn  1
q  1 if ða1; b1; amÞ ¼ ð0; 0; 0Þ;
qn  1 if ða1; b1; amÞað0; 0; 0Þ:
8<
:
and r1; r2;y; rl be the complementary divisors of r with common divisor r0: We have
1. Nq;nð0; 0; 0Þ40 if we can choose suitable r0; r1; r2;y; rl such that inequalities
ð20Þ; ð21Þ hold.
ARTICLE IN PRESS
S. Fan, W. Han / Finite Fields and Their Applications 10 (2004) 506–521516
2. for ða1; b1; amÞað0; 0; 0Þ; Nq;nða1; b1; amÞ40 if we can choose suitable r0; r1;
r2;y; rl such that inequalities ð20Þ; ð22Þ hold.
Proof. From Theorem 6 and Eq. (3),
q3Nq;nða1; b1; amÞ ¼ yðqn  1Þ
X
d j qn1
Ydða1; b1; amÞ
¼ yðqn  1Þ
X
d j r
Ydða1; b1; amÞ
¼ yðq
n  1Þ
yðrÞ q
3jSrða1; b1; amÞj:
So Nq;nða1; b1; amÞ40 if and only if jSrða1; b1; amÞj40: On the other hand, by
Lemma 4,
q3jSrða1; b1; amÞj
¼ q3
Xl
i¼1
jSriða1; b1; amÞj  q3ðl  1ÞjSr0ða1; b1; amÞj
¼
Xl
i¼1
yðriÞ
X
d j ri
Ydða1; b1; amÞ  ðl  1Þyðr0Þ
X
djr0
Ydða1; b1; amÞ
¼
Xl
i¼1
yðriÞ  ðl  1Þyðr0Þ
 !
Y1ða1; b1; amÞ þ
Xl
i¼1
yðriÞ  ðl  1Þyðr0Þ
 !

X
d j r0;da1
Ydða1; b1; amÞ þ
Xl
i¼1
yðriÞ
X
d j ri ;d[r0
Ydða1; b1; amÞ:
Suppose that we can choose suitable r0; r1;y; rl such that
Xl
i¼1
yðriÞ  ðl  1Þyðr0Þ40: ð20Þ
From Theorem 6, it is easy to verify that for ða1; b1; amÞ ¼ ð0; 0; 0Þ; we have
Nq;nð0; 0; 0Þ40 if
q
n
2
343 
Pl
i¼1 yðriÞð2oðriÞ  2oðr0ÞÞPl
i¼1 yðriÞ  ðl  1Þyðr0Þ
þ 2oðr0Þ
 !
ð21Þ
and for ða1; b1; amÞað0; 0; 0Þ; we have Nq;nða1; b1; amÞ40 if
qn  14
Pl
i¼1 yðriÞð2oðriÞ  2oðr0ÞÞPl
i¼1 yðriÞ  ðl  1Þyðr0Þ
þ 2oðr0Þ
 !
ð9qnþ52 þ 3qnþ42 Þ: ð22Þ
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In the above oðriÞ denotes the number of distinct prime divisors of ri for
i ¼ 0; 1;y; l: This ﬁnishes the proof. &
4. Computation
In this section, we assume n ¼ 7: We will discuss when inequalities (20), (21) hold
for ða1; b1; amÞ ¼ ð0; 0; 0Þ and when inequalities (20), (22) hold for ða1; b1; amÞa
ð0; 0; 0Þ respectively. Let r be deﬁned as in Proposition 7 and let
r ¼ pg11ypgss ;
where p1;y; ps are the distinct prime divisors of r; p1o?ops: For 0pt0ps; let
r0 ¼ pg11?p
gt0
t0
and
ri ¼ r0pgt0þit0þi ;
where i ¼ 1; 2;y; l ¼ s  t0: It is easy to see that r1; r2;y; rl are the complementary
divisors of r with common divisor r0: Correspondingly, suppose that we can choose
suitable t0 such that
Xs
i¼t0þ1
pi  1
pi
 ðl  1Þ ¼ 1
Xs
i¼t0þ1
1
pi
40: ð23Þ
By Proposition 7, Nq;7ð0; 0; 0Þ40 if we have
q
1
243  2t0  l  1
1Psi¼t0þ1 1pi þ 2
 !
; ð24Þ
and when ða1; b1; amÞað0; 0; 0Þ; Nq;7ða1; b1; amÞ40 for q49 if
q410  2t0  l  1
1Psi¼t0þ1 1pi þ 2
 !
: ð25Þ
We consider the all zero case ﬁrst.
Proposition 8. Let p ¼ 2; 3; q a power of p: If qX1760; we have Nq;7ð0; 0; 0Þ40:
Proof. For ða1; b1; amÞ ¼ ð0; 0; 0Þ and n ¼ 7; we have r ¼ q71q1 : In this case, the only
possible prime divisors of r are 7 or the form 14h þ 1; where hAZ40: We can verify
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that if oðrÞX266;
q6 ¼ 1
2
 ð2q6Þ41
2
 rX1
2
 7 29? 13469|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
266 primes
 212ðoðrÞ266Þ
X 312  212oðrÞ:
that is, inequalities (23), (24) hold for r0 ¼ r: For oðrÞp265; let r0 ¼ 1; i.e., t0 ¼ 0;
we have
1 6
7
 28
29
? 13440
13441
¼ 0:66843640:
So if we have
q
1
243  264
0:668436
þ 2
 
¼ 1190:86;
inequalities (23), (24) hold for r0 ¼ 1: It is easy to verify that q
1
2p1190:86 implies
oðrÞp16: For oðrÞp16; we repeat the above process as we deal with oðrÞp265 and
so on. Finally we get that if q
1
2441:9502; i.e., qX1760; Nq;7ð0; 0; 0Þ40: The precise
computation is listed in Table 1. &
Similarly we can get
Proposition 9. Let p ¼ 2; 3; q a power of p: If qX4100; Nq;7ða1; b1; amÞ40 for
ða1; b1; amÞað0; 0; 0Þ:
Proof. The proof process is similar to the proof of Proposition 8, with the only
exception that the prime divisors of q7  1 do not have any speciﬁed form. The
precise computation is listed in Table 2 and the readers can verify it easily. &
From Proposition 8 we only need to discuss if Nq;7ð0; 0; 0Þ40 for q ¼ 2k; 1pkp10
and q ¼ 3k; 1pkp6: Factoring q71
q1 for the above q’s, we ﬁnd that for q ¼ 27; 29; 210
and q ¼ 35; 36; we can choose suitable r0 such that (23), (24) hold. On the other hand,
from Proposition 9, for ða1; b1; amÞað0; 0; 0Þ; we only need to consider q ¼
2k; 1pkp12 and q ¼ 3k; 1pkp7: Similarly we factor q7  1 for the above q’s and
ﬁnd that for q ¼ 27; 29; 210 and q ¼ 35; 36; we can choose suitable r0 such that (23),
(25) hold.
Combining the above results, we infer that for any given 3-tuple ðs1; s2; s3ÞAF3q ;
there exists a primitive polynomial of degree 7 over Fq with the ﬁrst three coefﬁcients
prescribed as s1; s2; s3 except that q ¼ 2; 4; 8; 16; 32; 64; 3; 9; 27; 81 for all
ðs1; s2; s3ÞAF3q and q ¼ 28 for ðs1; s2; s3Þ ¼ ð0; 0; 0Þ:
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For q ¼ 2; 4; 8; 16; 32; 64; 3; 9; 27; 81; and any given 3-tuple ðs1; s2; s3ÞAF 3q ; we ﬁnd
a primitive polynomial of degree 7 over Fq with the ﬁrst three coefﬁcients prescribed
as s1; s2; s3 by computer search. For q ¼ 28; we ﬁnd a primitive polynomial of
degree 7 over F28 with the ﬁrst three coefﬁcients prescribed as ð0; 0; 0Þ: So we have
Theorem 10. Let p ¼ 2; 3; q a power of p: There exists a primitive polynomial of degree
7 over Fq with the first three coefficients prescribed.
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